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Distributions of the Difference Between Two Sample Means A

We have 2 populations 1 & 2 with known p and ¢ Sample 1

Saﬂ:lﬂ
> We take all possible samples from each X X
population and calculated the sample mean (X). Pr—, p—y
» Then we took all possible difference between the Xn X»n
sample means (X11 - X21) and (X12 - X21) and vice
- = Saﬂrles Sample 3
versa (Xz1 - X11) o ) B Parent X e Parent
Then we can construct a distribution using ((X11 - Population 1 = Population 2
Xo1) and T (X11 - X21)). o i
The mean of the difference between two sample Xu X
means [ (X1 - X2) is equal to (u1 - o).
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6 (x1-x2)or SE is calculated as: |—+ — Sample m e _
nl n2 - = Dr. Alkilany 2012
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Example 1:
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1. Suppose that we have the following 2 population
each with 3 values
Pop 1: 6, 8, 10 (11=8, 61=1.63)
Pop 2: 2,4, 6 (12=4, 52=1.63)
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Table 1.

All possible sample means ()(_1) from
pop. 1. n=2
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v Average of X1- X2 (U (X1-X2) = 4
v/ St. deviation of X1- X2 (cX1-X2) = 1.64
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» Summary of Data in Table 3 as frequency distribution Table and distribution of the difference
between sample means based on x1- xX2.
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Cxax2 = SE

= llof /n) + (03 /i)

X1-X2 =4
¥ =

Hi-Ho=8.4=4

2 4

X1-X2

» Frequency distribution Table and distribution of the difference between sample means for example 1

based on x2- x1.

> o (X1-X2) = o (X2 X1)
> U (X X2) =- U (X2-X)

* Example 2:

Z = (X1- X2)-(U1-u2)/SE
Zo6 = (26)-(30)/2= -

Z = (X2- X1)-(u2-u1)/SE
Z 3= (-34)-(-30)/2= -2
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X2-X1

=SE
= .J[(of /nl)+(031/”_s)]

= \ /(1.53?1-(1.63)2
2 2

M5 = Hoiy
=4-8=-4

=1.64

K.-X2 2628303234
Z -2 -10 1 2 SWD

I

-34-32- 30 -28 -26
2 10 1 2
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POP. 1. POP. 2.

|J-:zz-5:r= Ha-Hy
=70-100=-30

l—ln-rzz Ha-He
=100-70=30
Ox1.x7 = Oxox1 = SE
[ 1, 3
= qJ[(crl‘ Iny)+ (05 /n, )]‘

1678 +16/8)=2
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QL. If arandom sample was taken from each population, what is the probability, the difference
between the means (x1- x2) is between 28 and 32.
Answer: P (28<x1-x2 <32) = P (-1<Z<+1) = 0.68

Q2. If arandom sample was taken from each population, what is the probability the difference
between the means (x2- x1) is between -32 and -28.
Answer: P (-32<x2- Xx1<-28) = P (-1<Z<+1) = 0.68

Q3. If arandom sample was taken from each population, what is the probability the difference
between the means (x1- x2) is between 26 and 34.
Answer: P (26<X1-x2 <34) =P (-2< Z<+2) = 0.95

Q4. If arandom sample was taken from each population, what is the probability the difference
between the means (x2- x1) is between -34 and -26.

Answer: P (-34<x2- X1<-26) = P (-2<Z<+2) = 0.95

Q5. A sample of population 1 is at least 25 units higher than that of population 2.

Zss = (X1- X2) - (M1-H2)/SE

Zss = (25)-(30)/2=-2.5

P ((x1-X2) >25)=P (Z>-2.5)
=1-P(Z <-2.5) =1-0.0048 = 0.9952

Q6. A sample of populationl is at least 25 units smaller than that of population 2.
Z 25 = (X1- X2) -(u1-12)/SE
Z 25 = (-25) - (30)/2=-27.5
P((X1-x2) <-25)=P (Z<-275)=0

Xi-X2 -25

z 275

Q7. The difference between the samples means is at least 25.
P (x1- x2> 25) + P (X1- x2< -25) =0.9952 +0 = 0.9952
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* Example 3:
In two populations: Population 1 has experienced some condition that is associated with mental

retardation. The second population has not experienced these conditions. The distribution of
intelligence scores in each of the two populations (1 and 2) is believed to be normally distributed and
equal for both with standard deviation of 20.

A sample of 15 individuals from each population were withdrawn, compute the probability of the
difference between two means to be equal or larger than 13?

Firstcase:x, - x, =13

|“T-—E: =g =l =14y =1, =0

(3 - x) - Y5 3.

%\ 3. =~\[[{c1i:f:11]+(c:l:':: In,y)] = SE(A) a7 O, <

X

- J[(ZU: 15) + (207 /15)] Second case 'r_: —E =13..> 1_1 - r_: <-13

=173 (q-X) -5 - 13

..5.:_ ‘——,?
7.3 178

Distribution of the difference

4 P(Y1—Y2) >13+ P(Yl— Yz) <-13 between two sample means
- P(Z>1.78)+ P(Z <-1.78) e
—1-P(Z<1.78)+P(Z <-1.78) =
1-0.96250+0.0375 = 0.0375+0.0375
~0.075

P(Z2178)=1-P(Z<1.78
From probability distribution o=1 ( ) ( )
Table of 7 scores pz=-1.78=00373 =1-09625=00735
AUC=00375| /| N\ [Auc=00375
h— p—

|
z=178 ML =U 50,99a

* Example 4:

Population A: pa =45 min, caA=15 min

Population B: pug =43 min, og = 20 min

If we select 35 variables from pop A (sample A) and 40 variables from pop B (sample B), what is the
probability that the means for samples A&B will differ by 5 minutes or more?

u, =450, =15,n, =35 u, =450, =15,n, =35
py =43,0, =20,n, =40 ty = 43,05 =20,n, = 40

= =7 2
He— — " u F L =M, =l =&
S ex  fa T e S AT e

o = =l(e} /n) + (o} [n,)] = 40 o — =[( /n)+(c Iny)] = 4.0

,,___'\ _________________________________________________ F T . Lol ey S ——
firstcase : secondcase -
X_.-I_X_HES X, - X, 251then:X, - X, <-5
5-2 5.2
.= =0.7 - = -
40 Is 10 1.75
P(z=0.75)=1-P(z=<0.75) P(z=-1.75)=0.04
=023

Overall probability=0.23+0.04=0.27
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P(X1— X2)>5+P(X1— X2) <-5
=P(Z 20.75)+ P(Z < -1.75)
=1-P(Z<0.75)+ P(Z <-1.75) =
1-0.7673+0.0418 = 0.2327 +0.0418
=0.27

Example 5:

Population A: pa =45 min, 6a=15 min
Population B: pug =30 min, =20 min

Distribution of the difference
between two sample means
(population A&B)

AUC=0.04
-1.76

l

0 +075

Lo v
Xo-Xp

Overall probability=AUC, , +#AUC,,=0.23+0.04=0.27 |

If we select 35 variables from pop A (sample A) and 40 variables from pop B (sample B), what is the
probability that the means for samples A&B will differ by 20 minutes or more?

u, =450, =15,n, =35
=20,n, =40

=, -, =15
b | ot 4

u, = 30,0,

Xy ‘H

o - =0} In,) + (05 /n,)] = 4.05

firstcase :
X, -X,=20
20-15
=123
4.05
P(z=123)=0.11

<

Distribution of the difference
between two sample means
(population A&B)

u, =450, =15.n, =35
=20,n, =40
-, =15

u, = 30,0,

Iuﬂ_ﬂ - |“4.

O = -U'I[(::r_i In,)+ (CffJ Ing)] = 4.05
secondcase :

X, -X, 220,then: X, - X, = -20
-20-15

Lo

P(z = -8.75) = zero

= -8.75

4
-20°

The probability that the mean
of sample B>the mean of
sample A by 20 or more is
really lowl!

" ]

-8.75

0 +1.23

A i —Xa

|‘ Overall probability=AUC,;,,+AUC,4=0.11+0.00=0.11 |
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* Example 6:
The capsule weight for two hard-gelatin capsule batches A&B are normally distributed with the
following parameters:
Batch A: p=250 mg; 6 =25 mg
Batch B: p=300 mg; ¢ =35 mg
If we withdraw a random sample from A (30 capsules) and a random sample from B (40 capsules),
what is the probability that the mean of sample B is larger than the mean of sample A by at least 55

=@ iny) (0 In )] =717

Xp-Xa

AUC=0.26

-0.65

2=-0.65

CASE OF A-B CASE OF B-A

g =230,0, =25.n, =30 Ly =25D,|IIJ"'3l = ES,HA =30
ty = 300,04 = 35,1, =40 up =300,0, = 35.n, =40

e — =, — i, =—30 =
X%, Ha T Hs e = My — Uy =+50

fre 2 2 r
=llcy/n,)+ (o, In,)] =717 o =..U|'[(D—; an}+(cri fn)]1=1717

~ UM 55-50
1M

5 —55-(-50)
- Y
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